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Arithmetic in a One's-Co.-rplement Cc-pt^er, 
A. Introduction 

The --tir, parts of the arithmetic section of a one's- 
eon-lener.t cor/pv.ter r'-e the :.-r.r:istcr (abbreviated XR), 
the Q.-Srgl -er, :?. and the /.cc,--.ulatcr, AC. Paribers ray 
b*. taken frosi the cells of till Denary section and T>ut. into 
these registers and the four fundamental arithmetic o orations 
performed on tnec Chore! 7or each sf thi operations w shall 
Indicate the process through which th* saehinb «ors and nrovc 
that thi 3 process gives the correct result. 

7h. .:-•■ iter operates v;ith 24 digit signless binary num- 
bers, each of which r-pr tents a positive r negative 23 digit 
b i nary r.unb : r (pe rhaps ha* i r. - rn r r f lue* s zc ro s . ) The nurabc r s 
with which the machine opernt.s will tc refora-ed fa as digital 
numbers, and the nu-ib-:rs far v. hie,-, th. s stand a* binary num- 
bers, or aiaply numbers. 

It is first necessary to Investigate the wjy in which a 
awsbor ie represented .in the conputur. 
3. The Correspondence. 

Consider the signless binary nunVrs (digital numbers) of 
24 digits. X = x^ ,.. i . x t - or J. excluding that digital 
nunber consisting exclusively of l'e. The ono 1 s -complement of 
such ;* digital nunbor X is defined to bo X - (2 - l) - X. 
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Since 2 34 - 1 - 11 ... 11. it lr aceii th- t X a Xgg ... x'_ 
whcr, x t - ;1: according as z t -. •^. . Potc that 

Between the above jet P'* digits! r'jebors and vhe sot of 
signed bi-.rie. Of 23 ftigits x (pijfjiapi with supcrfluovg 
zl: =) I - 2^i: x < 11 J ~ - 1, c«- -.:- n r-ne-on<- -:■•--. srrndence 

-.r follow 

I: r. >, and ,'Xi r x,,,, .., %. th..-n let x r— * X = 

03^ 2 . .. x . If x « and »*> = x sc ■ • • s o thcn ltJt 

x* \ X - ly.^2 ... *J = 2 24 - 1 - xi , i.e., if x is 

negative lot it correspond to the r.no's-cortt.lc.cnt of the 
image of its rt solute value. Note th.it the two sets between 
which the correspondence is defined ar& actuiliy cardinally 
equivalent. 

The JCH, v* and ncnory cells represent binary nunbers 
x, 1 - 2 23 i. a > S 23 - 1, as digital nur.bers by scans of the 
above correspondence. Thr AC, however, can represent n nur.bcr 
a, 1 - 2 47 c a c 2 4? - 1« as a 48 digit digital r.ur.bcr by 
virtue of an analogous onc-cna correspondence. If A is one 
of these 48 digit digital numbers (net consisting exclusively 
of l's) then its one' s-conplement is by definition the 
digital number A = (3 - l) - -' ■ = 047 . . . a where 
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a s '/li -.ccordi^ as tij * [ J j ^"li, (aj) = aj r 
(A )' e A, T 11 - ajvvLo, v ous r,pr-onc corres >ondcne - b;- virtue 
of -hie'- the A3 hold* w *isac3 «5f di;;it number M W* 



follo-i:; one. T.et i a i 
c. t — i " = 0&4S • 



>6 --■ V If 



1 o- 
,48 



If :i ' r ' t'ici. 
-,48 _ i - i f. i - 8 s * 1 - 1 ♦ p.. 

Let X^ = Tyft . . . X ? 3 *->3 *£?> " ' * 



o fc*-on 



y l *o if 



X = i. 



*?:* * 



, 7e i^vc the aprtlly verified 



Lf.-in,^_l; If X ir, the n^rewmt-.tion of * on XR, then 
X is the. r— resent* tinn of x on ^C, i.e., if x 

then x «— * X- k . 



n T Addition- 

A di. ^it"l nunbor X - Xr,^ 
p. i'i.:it;\l mcibsr * : n^ ? ... « 
ua;/. 5&i* np.chire co-<rrute* 



x in XR is "rrV.rd" to 
in AC in the following 



» = R 47 a 46 * • * n ?£i a ^ "^ *32 
rinus X A = x^ X33 ... x^ x ? ^ x ?3 x-,-, 



• • • 1« 
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«^ if there is r. borro- left ovrr at the lcft-\*n* end. 
this borrov l. euotr cted fro : the r.snltirv difference to 
..ive - re^lt called the "ran" of A Mift \ or A * X. 
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rtV<'. The subtraction of the borrow fror the first 

di: fere:.?* r..-v/ generate a-.:th"r sierio-8 of borrows, but thie 

second series cannot run for .-.ere than 48 placer, since is 

the first Bwbtractien 8 borrow cafe originate only a.t n con- 


figuration of the fnrr -i-, and the 1 ir. the first difference 

will tclll any borrow generated in the sneend subtraction. 

It r.ust be shown that, within the range of the ccrrmter, 
if x * — . X and a < — =, A then a «- x , — ► A 6; X. Moreover, 
it will be shown that if the result runs over the capacity of 

4 

48 
the machine it is still correct -odulo- 2 - 1. 

If X \k < A then no end -a round borrow can be generated 
and At^ X - A - X, . 2nd around borrow will occur if and only 

A 

if X^ • A. Using end-around borrow is equivalent to adding 
3 to A, subtracting X' fror. their but, and then sub- 
tracting 1 froir this difference. Thus if X^ > .-., A r . X ; 
( {a * 2 48 ) - X' ) - 1 - A + X. . Concisely, 



if X^/- A then a 9 X - -v - %, 
if x! > A tnun «. £ X - A - X . 
Lot x, 1 - 2 s3 >. x £ 2 23 - 1, ix t - x 22 ... x , be a 

nu-ibcr represented on XR by X, and 
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47 47 
a, 1-2 - : a ' 2 - 1, »■• s n.g . . . a q be a nunber 

represented on ji.C "by a.. Notice first that 

,a,* x _. (2 47 - 1) - (2 23 - 1) and 

D ' n. - - jc 2 - 1. There arc four cases, one for 
each o* the ousiiible distributions of signs on x and a, 
which arise ir. the addition of x to a by ncans cf their 
representatives on the computer. Sach case mist be considered 
separately ir. ^rdcr to prove that in general a - x <--. A : X, 
Cr.sc I: x > and a > 0. In this case 

a — — A = ^*46 * ■ • **© = ' a ' 

x *-- X - 0x33 ... x Q = x, 

X^ r ... 0*22 * ' * x - ^ X ' nn ^ 

X i = i "- 1 x 22 •*' X o = (248 " X) " X A = (248 " X) " ,X| - 
Since X^ > A, A<?u X = a * X A = ,a^ f*t. If 
■ a; • ix, •. 2 - 1 then A 3 X « — , in t iXj - a V X. 
But if 'a, -r .Xi ; 2 - 1, then, sinco 

,a; * .x. < U 4 * 7 - 1) + (S 33 - l), !*< * r*, : (2 47 - l) r n 
where 1 ' 2 23 - 1. Then since ■: 2 47 - n | 2' 1? - 1, 
we have AHX= (2* 18 - l) - (2 47 - n) ^ - (2 47 - a) s n. 

. , Aft 

But ( a t "X.; - m . 2 - 1 so a » x - 

Ml f Hi* is (mod 2* 18 - l) and 

iL^If mas a ♦ X (mod 2^ - l). W 

-•-a- //a? 



I iff 



Case II : i < and a > 0. In this case 
a < — » A - Oa^g ... a ; ai 

x * — * X z 1*22 ■ ■ » x o 



X, : 1 ... 1*p ? ... 4 = I* 48 " !> ' ' Xl ^ 



A 



*22 



X^ - ... r 22 ... x = ix I. 

If 4 ^ A then A ^ x = A - :< A = ' a • - < x< . 
But if X A $ n then i*i -: i'%1 and 1 lai - <x- S 3'* - 1 
arid A ^ X <--*1r| - (XI = a - :t. On the other hand, if 
Xl > a then A&X = A - % S fJM * (a 48 " ^ " »*' = 
(2-M -l)-&X.HIt), Also, if X A > A then 
, x . ? ,ai and < ' X i - I a i < 2' 17 - 1 and 

4 $ x e- * - ( ' * ' " ' r ■ ' ' = a * Xm 

C^so III : x > and a < 0. In this case 

X ;— * A - 0Z 22 ... X = IX' 

X A - . . . x 2Z . • ■ x = xi 

r' i 1 * ! x' - (2 48 - 1) - x A = C2 48 - 1) - i»r, 

If xi < a then i#ls*' , *'*i : 
(2 -iB _ 1} . , a , _ ((2 49 - l) - .x. ) *= - iai - >*• If 



x! j. » then -x; * >»< so £ - .a. * -xi < 2-1 



and Afc Xf-r - **i + ! x ' = ;i + *• 

~ 6 ~ */*7 
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If xj^i then AOX = A * X A = (2^ - 1) - (■»' *0. 

47 
Since X^ > A, ix- < <m and Q < ia< * ! x I < 2 I m 

A ft; a «—- » - (,ai - « x i ) -«.* x. 

Case IV : x ' and a ' 0. In this caso 
a *-* A r la' . . . a' = ( 2'' S • 1 ) - i a' 

4d 

X, - 1 ... 1 x„ . . . x„ and 
A 22 o 

X A r . . . x g2 ... x Q = i x i . 

Since Xj[ < A, A'- X = A - X± - (2 48 - l) - ('«■ * -*■)• 
If -a i - ix i c a 47 - 1 then A '• X < — > - ( 'a > * - x , ) - a - x. 

47 
But if »ai + ixi • 2 - 1 then, since 

■ a. * jx- ^ (2 47 - 1) 4 (^ - 1), la. * .x. * (2 4? - ll * ■ 
where c n$ 2 23 - 1. Then (2 46 - l) - Ciai * !Xl): s 

2 417 - n, and since < 2 47 - n ^ 2 47 - 1, 
A$X ^ — i 2 47 - n - n. But a - ( - ( -ai + txi )) 
2 46 - 1 so a * X = - ( >a' - ix. ) = n (nod 2'& - It 
and A© X *— *• n = a ♦ x (nod 2 48 - l). 

The above arguments prove that if x f a and a ■» x -re 
within the- ranges of XR, AC and A.C respectively, then 
a «. x * — *-a© X and if rv - x is beyend the range of AC 
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the A6.\ la still the correct image of a * x -modulo Z 46 - 1. 

D. Subtraction . 

Subtraction :s performed by the computer by subtracting 
^ from A using end-around borrow when necessary, i.e., 
A€-X-Af^x! If a *— >A and x* — *X then -x *— * X' and 
A<^ X <^-* a + x or k<$ X «— » m = a * x (odd 2 4f? - l) and 
A X - A Q X t > a + { -x ) - a - x or A c? X < — * n = 

a - x (nod £T^ - l) as the case nay be. Thus the desired 
correspondence is preserved by machine subtraction. 

E. Basic Arithmetic Operations , 

Below is a table sumnarlzing the basic arithmetic operations. 



NUMBERS SUBTRACTED I1T0 A C I" TH3 Ba3IC C??RaTIC:*S 



CPSSaTIOII 



aC digits 



; ADD XH TO nC 



*SU373.-iC7 XH TROV. aC 



4? '-46 



*24 -23 --22 •" '1 a * 



x 23 x 23 * * ' x 23 x 23 *22 



■ • • x i X rj 



x 23 x 23 ' * * *23 X : o *23 



x l x r, 



iABSOLUTS aSD SR TC «Q 
i 

IF x 23 a 

; it x^ = 1 



11 « »« 11 x^p . 

XX • a'w X X X.-)*i ■ 



X, x^ 



■ ABSOLUTE S13TH*CT XH FROM AC I 



17 x 23 = 
17 X 23- 1 



Q • 
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* f ^2 
9 X.L 



x l x o 



x i x o' 



'ihl 



UW 



The only operations in this table which have not been proved 
to yield correct results are the operations of absolute add and 
absolute subtract. From a consideration of the digits put ir.to 
AC in theso operations it is easily verified that they correspond 
to the true operations of addition and subtraction of absolute 
values. 
F. Multipl i cation . 

In addition to XK and »C the arithmetic section contains a 
Q-Register, QH, which holds a 23 digit signod binary as a 
digital number of 24 digits just as XR docs. All the digits of 
3Jt or of AC may be shifted left any number of places fron 1 to 4?. 
The shift is circular, i.e., a digit shifting out the left end of 
tho register is not lost but shifts to the right end. 

Ir. the proof of the multiplication algorithm we will need the 
following two lcnmas. 
Lemma II : Let A - a /? ... a. be a digital number in AC. Let 

-t. be the result of shifting A circularly to the left s 
places where s < 48 . Then 1 E -? 3 (nod! 2 A - l). where A2 S 
is the product of 2 s vith the digital number A _ (not its 
i nafiC ) . 
Proof: 48 places 

a?. s - n, 47 ... a jia _ B a L ^ g ... a 00... 0^0, an* 

s places 
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.-. - Ti,„ ...r>. •»,_ . . ft ,_ . But 

A2* - (rj- - :) U. :7 ... 't.;r. f ) - r.. J7 ^ a ... \ \ t7 •■■ - .:e- G - - 1 

■ .n! T = iS f ( .d 8^ - 1). 

Lcra i:i: ' Iv.t « fvr.a B U two t o* di£it-.l m$r,bors liW 
# 

let .-. ? 3 Ln.-.to th ir Alff\ rcr.c, isiwy cnd-;*.rour.d feerrpw if 

nccettrafy. let *, ?, Ae,3 di-rr-tc tho results oi' sMffctafi 



. 

o"* 
7: •■•:*: ..11 c:r.jr uer.CG8 Iwri <xr» * .- I il"> -'" 1. It is I-.pl irii 

frcH Ih. result is : ..- i t". t .% fj 3 ~ - - *B, aB S »-*. j 3, 



is- 5'b 2*U y ?) = («. W : ■ 9at Q$Z&3< : '" - 1 



C ; ., - " ] ■--. theirtfforc ^ * B - - & .-. 

*/:■. n the — niter ".Ids und •■run it SUbtr: ct- it caattutos 

.. , . ; :• - . . rr ■ *iff. r. ..-■ , whig)) - ■-. r- ' I Q wv hp.vc de- 

...•*-; .,.- £) ir. i. ■ •- : i'. r .-c : ■■ ill Heidi : " r - :, *' :i 

' it i :. r. : -:■:•. - ■- ■ r- ■' 1 : . 
:V: Kt th ..J Jir-It-L -. -~:..r .t ; ».t •• 






■ . •. :■'-:. :.-.:. ir 






.-t. 



.» "— *■♦ .i*. 



.:.-. trviti ■:■: thitt . is .-t.s 



L-li-l 



Multiplication Algorithm 

Initial CQr.tcr.t8 

QR contains multiplier 
XR contains multiplicand 
aC contains number to which 
the product is to be added. 

Algorithm 

1. Shift AC 24 places left. 

2. If q 23 = 1, subtract XR into AC. 

If q^ = 0, proceed directly to step 3. 

3. Do 24 times: 

a. Shift AC one place left. 

b. If q 2 3 = 1 add >3 into AC, 

otherwise proceod to 3C. 

c. Shift QR one place loft. 

4. If 033 = 1 ' " dd ^ int0 AC - 



Result 



AC contains pro 4 'ice plus itr initial contents, 
QR contains Multiplier. 



Let a «_> ^ - a<17 ... a Q , x «-_* M = x 23 ... x and 
q * — * Q s q^ ... q^j. At the end of the operation .\C has been 

shifted loft Enlaces and is bacJc where it started. In trie* 
cf Le.irv» III ire nay consider the- * : held stationary and XR 
shifted along it each step. Since QR is BhiftU oach step we 
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Q 
U 
C 



9 

c 



o 
+» 

a 

u 



o 






o 

u 






u 

o 

I 

■*> 

Vi 

o 



o 






W 



a 

c 
o 
■•H 

a; 
+* 

n 






a 

c 

3 



o 
u 

a 
C 

a 

o 

3 

3 
♦* 

+» 



o 

XI 
(0 



J* 

1 

o 

« 

u 

*» 

<►, 
o 



«M-7 *i|6 a! +$ * • * 

@ (^23) x 23 x ?2 x 21 •■ • 

£ tOS>) x 23 x 23 x ?2 • • • 

e(q ?2 ) X$J x^j x ? 3 x? 2 



*d(q ) x 23 

GMq 2 3> x 2 -j 






. . a 2 ^ n^k- 8 23 a 22 a l a o 

. . xi Xq x^3 x'22 x^3 X23 



x l 



[ 23 



x x x x P j 



x^-i x^3 X 2P . . ■ 

x?3 x 23 x 23 x 22 
Xp-j x 2 -j x 2 -j x 22 



X23 
*23 



xx x c 



x l x o 



a 

■x-2 *q23 
x - 2 2 ^-q 2 3 

22 
x*2 *q 2 2 



X l x o x 23 <"* X ' 2 



x*2 



«-> x-2 



■^1 

o 



*^23 



1 

CM 



t 
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The conplcncnt is used In the second lino bocnusc machine 
subtraction is the sane is nachine addition of the conplonont. 
The factors q^ to the left sinply indicate whether or not the 

tern is to bo included in the total sun (according as qj = 1 or 0). 

The correspondences to tho right follow fron 

Lcnna IV, 3y section C the total tnachino sun corresponds to the 
sun of the inages or to sone nunfcer which is congruent nodule 
2 - 1 to the sun of the inages. Lot P be tho nachino sun 

of the digital nuibers. Then 

? 1 < — i / '18 \ 

P i — > p = S. - x-2r''qn^ J- 2_ x * 2 "li * X '^2Z * nod 2 ~ !'• 

1 = 23 

If qoT - then Q < — \ q - qgg ... q Q > and 
o o 



a - x 2 2 ' ; 



^33 r £ x 2l q i * x q 23 = a "* v * ^ q i 2l = 
izDS i=23 



a * x q and P < — * p = a + q x (nod 2 - D- 
If, on the other hand, q^g = 1, then 

h *-* q = -o 4 - ■ • q c ° to* 

a - x*3 2<k q^ * I." x'^'-qi * x-q 23 s a - U(2 Vl )- £ x-2 -q^ 
1=23 1=23 

'' JL i 

a - ^1 x-2 -(l - jj) z a - x ^~ "H 2 = a + q x. Thus In 
1=23 i=23 

this circ as well as tho first 



i * — » p = ft ■» q *» (r.od 2* - l). 
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In performing the division operation the computer ^ocs 
thrown the process indicated in the fallowing diagram. 



Division jxi^orithn 
Initial Cente r's 

$3 is cleared 

TO contains divisor 

AC contains dividend 

ALrorxthn 

1. Case I: If *V i7 - 0. 8° to step 2. 

Case II: If <"- 47 = 1. absolute subtract XR 
into AC. 

2. Shift --vC 2-; places. 

3. t)o 2-1 tines: 

ft* Shift AC one place. 

b. If p.„, ; x„„ subtract a3 into «C and insert 

1 in a . 

If ^24 t x 23' ftdd >:R lnW A °* 

c. Shift $L one place. 

-i. Do one of the following: 



a. 



c. 
d. 



If a*', = 1, if case I: absolute add JG into 
AC, replace q by q.^. 

If a-n - 1 if case II: Absolute add XH Into 

If r~. - 0, if care I: No action. 

If a,,- - &, if c ^ sc II: * c P lac0 iQ by q 23' 



Fir.:;.! Contents 

C^R contains quotient 

XR contains divisor 

AC contains least non- negatlvc renaindcr. 
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In the proof of tho vilidi^y of this filgcrithn wc sh<\ll 
need the 
Lcnna V : Lot fCx) - 2 x - \. Then 

f(* ) 2 n 4 jr ft^ij) 2 s •z'Z \,&.* (* 3 - DC2 11 * 1 - i). 

k^n-I k-n 

o 
Proof: f<x ) C n + V" f(x,,,) 2* r 

t-- K+l 

k-a— 1 

(8« -l) 2 n + ± iZ. % ; x - V) 2 k s 

krn-1 

i_ x k-rl ~ * x o 2 " 7 ^ ... * = 

k-n-1 k-r.-l 

ok o° -r n n *l r,n»l 



k-n 



K 



k = n 

C-\sc I . V;. will first ccncid<_r tits cist: ...f two r^sitivc aur.- 
bors. Throughout the proof msc will bu mde of Lqr.iv. 8 II -.nd 
III. The rtC will "ho considered st'tl-r.".ry -\r.d the- XS slid 
ftlong it -ui -mount whi:h in ;XPj-.ir.".tion _ f the tlgorithr will ""Oct 
evident. Similarly ^K will be considered st-iti-n-.ry >.r.d U c 
computer will bo p.ssuncd to ir.sc-rt the proper di r -it in the pro- 
per plncc. In the cisi.- of twe non-ntr'.tive nunV rs tho iivisi'.n 
algorithm reduces to the following. 
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Q 2 ^23 • • • % «— * 1 

X = *23 * ; ■ x o *-* x = ° x 22 * " • *o * °» *23 = ° 

A = a 47 . . . ^ <_♦ a - fcjg . . . a $ 0, « 47 „ 

1 . Shift AC 25 places 

Subtract XR into AC and insort 1 in q_. 
Shift QR cne place. 

2°. Do 23 tines 

a. SMft AC one placo. 

b. If ag 4 z subtract XR into AC <\nd in3ert 1 in q., 
If a2 4 s 1 add XH into AC. 

c. Shift CJR one place, 
3 . Do ojjg of the following: 

a. If a_ 4 s lr Add XS into AC, replace a by <i ? _. 

b. If a-, r 0: No action. 
Step 1 . Hake q - 1 and conpute 

a <17 a 46 * " ' * a 25 a 24 a 23 a 22 ■-••*• R * — * a 



O C is, i Q 



S3 

23 x o 

1 ~1 1 ii 1 ->-» 

= n 47 n 46 rf 25 n 34 *23 n 22 n - V l <— * a " ^ = n l ■ 

If we define f ( t ) = 2t - 1, we have, since ^ - 1, 

23 
iL-a-f(q )x2 , Now let ue assuno that not only do X 

and A represent non-nogativo numbers, but also that 
0<i^2 23 -l and < a < x 2 s3 . Then -x S 23 < n, < 

and id,: C x 2 s3 . But x 2 s3 <. C2 23 - l) 2 s3 < 2 46 - 1, and 
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i n-j i < 2"* - 1 ■ Therefore n^ 7 - n^g and since n-^ / C, 

1 o 1 

1146 ~ J-* Since la suhstep 1 of step 2 n.16 is conpared 

(notice that n^ is njw the n^ referred to in 2 ) 



with x.„ _ Oj th<j operation in sub step 1 is /r; and \,^ 



is left M '3. 
.0 



Step 2 , Subs top 1: Compute 



n 4? n l6 n 4* •*•■ n 24 n 23 "22 * ft ~ n l 

i„ x —, * 2 



pp 



SULis 



.2 -2 „2 „2 



,22 



= n 4? n 46 n 45 ■•" n 24 D 23 n 22 n * N 2 -* a l * tt = n 2* 

*>? 22 

Since* ^ z 0. n 2 - 1^ - f^q^) x 2 ~ • Also n 2 = n l T * 2 

n - x 2 £P . rnus n p < x 2 23 - x 2 22 z * 2^ and n 2 > - x 2 s2 cr 
,n 2 Ux2 r? . fet * r 2 < 2 45 - 1 ■<- , n 2 | < 2 45 - 1. There- 
fore n 2 7 = n^g ^ n| & sad since the opowitiOB of suhatcp 2 is 
pi or 3? *-.:--riine »s »f„ = or 1, it is £? dr C& -^ccrd- 
in£ ;.s r.-"* or n*. < 0. 
Sutstep L. Cfj.-ipute 

n~„ »5 *? n? •* °%A *§3 n 2-' "ll *•* n *"* "2 

.21 
por'^0 u - x^ x Q C . . 3 •— x 2 

= r '4? ~„e> "45 44 24 23 22 21 G - 3 3 
Since q,*., is 1 ^r according i^s the operation is ^-; jr ^£ ; , 



- -> _ 



i?/>7 
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TLjr^-ftqgg) i2 21 . Al«» DgrDa-xS 31 according a. 

ttg < or n 2 > 0. That 

, n-j j - |i 3 21 - 1031 I . and tine. 1 2 21 - l^l < 1 3 21 «>d 

, n 2 - - 1 2 21 < X2 23 - x 3 21 = x 3 21 , »• hare ingl^xS 21 . 

But x^ks 44 -! and to | iLj |< 2** - 1- Therofore 

n3„ - n? c - n5 c - tJL, and since tho oporatlon of tubttep 3 U 

or © according at a^ = or 1 it U 8 or^ according 

as 03 > ° or n 3 < °* 

for a general k. 1 <, k < 33, attmno that 

, n^ J ^ x 3 2 *" k < 3 4? " k - 1. Then 4? " "46 = * ' ' " D 47-k' 

Since the next operation it f$ or fg according at n*,^ z or 1. 

it li 9 "I © nccordinc at i^i or n^ <. 0. 

Substop k: Coopute 



-nj ? .... nj 7 _ k n*^ .... n|g_ k a*.^ .... nfc ♦-* n^ 

Qor® .... x^ .... xp ..•■ «-» «* 



23- 



*k 



Since q^4_ k : 1 or according at the operation it or *+) » 

** = ** - *W * a 8 **- *" vi = °k t * ■*** acoor4 - 

Ing at ^ C or n^ ^ 0. Thut I n^ | s|x ar 3 "* - I \ I I • 
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^d since x^^-l^l < x2^ k and 

, n k , - x 2^ < x 2^ k - x 2 23 - k = x 2" 3 - k . m have 

< x 2 M ~ fc <■ -* i7 - (k * l} - 1. By this inequality, 

1m- 1 k+1 ■ k-1 Since the next operation is '$ 
n .17 - n -16 r ' * ' -16-k 

,--, ., , , Joi _ o or l it is ^ or vS? according 

as n k+1 > or r^ < 0. 

The ftlgoritto proceeds in this way until finally it will 
be the case that , n^ ! £ x 2 < 2 24 - 1, n 23 = n. l6 = .-- = V< 

and the operation of substep 23 is Q org according as 

n 23^ ° ° r n 23< °* 
Substep 23: Coriputo 

23 n^ 3 n 23 r 23 nS 3 *-* n-, 

1147 n 2 -l n 23 n 22 « 

© ^r©0 x^ x <->x2 



■X 



- n 2 << »tt*§Ng "8* = ff 34 *» E 23 il2 ^24" 

Since ^ : 1 or according as the operation is © or «gi . 

w \ , o° ii -n n - n - x 2 according M 
c 24 = n 23 " f ' q l } 2-1 - 23 

n?3 < cr n 23 £0. Thus |%| $ | x 2° - m 23 | I ^ 
since x 2° - |n 23 |4 x and In^l - x 2°$ x 2 - x 2° = x, 
we have |lU,f < x < 2 s3 -> By this last Inequality 

n 47 - n 46 = '** " n 24 " n 23* 
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Recapitulating our results through step 2 , wc have 



V x *_> ftj = a - ffo^) x 2 s3 
N 2 <_» n g - i^ - f ^l23^ x 2 22 
N 3*-* n 3 = n 2 ~ fi ^2 ] x ^ 



\^\^-i-V^ 224 " k 



H 24*^ n 24= °23 " f(<1 l } x2 °- 



Adding the images n, * ... *■ n^, * n-. - 

o 

a, 4 ..'. * n_, • a - f(q ) i 2 s - ^_ ^4.^4 5 x 2lC t or 

?3 -9- If 

G 24 = a "" ^ f((l 0^ 2 5- f <*k*l' 2 5 and by 

C 

Lenna 7 and tho fact that qL ■- -1, n^ 4 = a - x ^~ q. 2r. 

k = 23 

We know that tn 24 l ^ x. If n|| s n|^ s then 
< n < x. For assune a - x. Then, since the number 
addod~#o or Subtracted fron n ? _ in substop 23 is x, tho 
operation must be £p , for if it wore v ^ , n 23 would equal 

zero and zero calls for subtraction. How since the operation 
is %- , we oust have n-, - 2 x - x 2 1 . In substep 22 the 
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operation nust afiain bo -? , for If it were $ • « ^ d »"*■- 
in view of tho f«t that X2 1 is added to or subtracted from 
n 22 in substep 23. n 22 - which would call for subtraction. 
Again since the operation is £-• , wo mist have n^ = 3(x2 ) r x2". 
Proceeding in tttt way. we find that tho operation of substcp 1 

is .- -; . But wc already know that this oporation is & and hence 

24 
wc have a contradiction. Therefore < Dg^ x. 1 T °« if n 2 -i r v 

then no action is taken in step 3 and *C contains *^ <— > ^ 
.and qpBt contains Q. = q 23 . • . % 1-* 1 = <*23 ' ' * *0 8incc q 23 = ' 

But n M = a - i T Ik 2* = * " * x ° r » * ^ *" D 2-I wh ° r ° 
^ k-23 

$ n 2J ( x. 

On the other hand if n|1 = n 47 z l t!fcn "* * *&* < °" 
Wc do know that a = qx r nowhere q is the inane of the content 
of Q? after step 2°. In stop 3°. in thi? case, q z 1 is re- 
placed by ^rO and QR represents q'-q-l at the comple- 
tion of the entire operation. Also ^ is added to AC and at the 
end of the operation *C represents n 24 * *• But a - qx - n 2 , ; z 

(q - 1) x - (n 2 , * x) whoro x < n 2- , * x < x. 

Thus wc have proved that if P<. X % & - 1 ^nd 
C a < x 2 23 then the division algorithm cives the correct 
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result, that the contents of QR, AC and XH correspond respec- 
tively to tho quotient, tho least non-negative rcnai-ider and 

tho divisor. 

Suppose a} x 2 85 > x 2™ - 1 = xU 23 - i> * <X - D. 



23 



Then the quotient crust he /Tpatcr than 2 - 1, that is to 



„23 



soy, C£ is net capable of holding the quotient. If a ^ x 2' 
the computer will not give the correct answer, nor will it givo 
an answer correct modulo 2r - 1- 

It remains to extend this result to other cases. In what 
follows the algor Itha will be used as it stnnds on pane I*. T* 10 
device cade possible by Lemmas II and III will not be employed. 
Cn.se lit absuec th^t 



> x > 1 - 2 M 
< a < I x I 2 s3 



X - lx 



22 



4 , X - -Ox' . . . Xq 



0a il6 . . . -a Q — a - 0a 



22 



«16 * " T) 



then 



< I x i $. 2 23 - 1 

< a C i x i 2 23 

X' = 0x 22 ... x,J f-^lx» = OxJ, z ..- a^ 



j A z 0a 4g ... a Q v-*a = °^ 6 • • ■ n Q 
We know from case I that the computer will properly divide 
a by ix.. Call this division T . Call the division of a 
by i division 9 . We shall compare division V with division 7 
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In each division a 4? - so no action is taken in step 1 

of the algorithm In substep 1 of Btop 3 in division V , 

. _x' -0 so XR is subtracted into AC and 1 inserted in 
47 - 33 

a-. In the corresponding step of division V , however, 

a = 4 1 m x and XR is added into AC find q^ left as zero. 

But in V the content of XB is the complement of the content of 
XR in V , and since addition of XR and subtraction of its 
complement are the same thing, the content of AC at the end of 
sub step 1 is the sane in V as in V . Similarly in each sub- 
sequent sub step the contents of AC in V and V are the same 
and opposite dibits are inserted in QR. 

In step 4 action (a) is taken in both V and -V or action 
(c) is taken in both divisions. If it is (c), no action is 
taken and the remainder in AC is the sane in V as in V and 
the contents of OR in V and ¥ are complements. If the 
action is (a). X* is added to AC in eacfi division and in V 
qQ is changed from 1 to and" in V q^ is changed from to 1. 
Thus in either case (a) or (c) the content of AC is the same in 
T and V , lot its image be r. The contents of QR in V 
and « are complements. If q U the image of the content ^ 
of QR in V and q' is the imago of the content of QR in V , 
then $ q < 2 23 - 1 and 1 - 3 23 <^ q.' < and \ f a -q- 

From case I, a : q ' xl + r : <-q.)(-»xl) * r = q' x ♦ r. 
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The nlgorithn is thus valid In this case as well as ca»o I. 



Cy-\ae II|: Let 



[ 0<x £2 23 - 1 

I 0>a >x (1 - S 23 ) 

T { 

<*T = °*22 • • ■ *o «— * x = °*22 • • • *0 

> A s la 46 ' * * a * — * ft - -0a 46 ■ " *0 
The division of a by x will be referred to as' division V . 
Ir. stop 1, flincc a._ - 1, XR is subtracted fron AC. The re- 

Bulti.ic digital nunber is Z - ls^g- ■ -*o <""""* 46' * " s - z = 
a - x < 0. Let division V bo the division of izl by x. 

Now 

' < x ^ 2 23 - 1 

23 
0< >2i < X2 23 (Since >zi = >a-x|£ jai ♦ ixi < x(2 -1M . 

► x - Ox. ... x. x2 . ) 



X = Ox 22"- X 



I *' * Oz' 



46' 



C 22 '" X 



lzi ~ 0z 46'"V 



In step 1 of division 'v nothing Is done. ¥o will conparc 
steps 3 of divisions V and W . In substep 1 of H XR is 
subtracted Into AC and 1 inserted in q^* In substep 1 of V , 

sinco « 47 r 1 f - Xgg, XR is added lnta AC and inserted 



in 



q 0" 



Since the contents of AC just before substep 1 in 7 



and W are conplenontary. and the operations arc opposite, the 
resulting digital nunbers are conplenontary. Thus in substep 2 
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the operations are again opposite and opposite integers inserted 
in QR. The process- obviously continues in this manner, and at 
the end of step 3 the contents of AC in the divisions V and 
V are conplencntary and so aro tho contents of QR. 

Let d, -d, q, - q b c the lna/;ca at the end of step 3 of 
the contents of AC in division V , AC in 7 , QR in V 
and CiR in 7 respectively. In the course of the proof of cisc I 
we showed that ( z| = qx * d even before stop 4 is taken. 
Therefore z - -iz, = -qx - d. Suppose now that in step 4 of 
division V course (b) is taken. Then AC becomes the image of 
-d +x and QR remains tho image of -q. But since z z a - x. 
a = z * x = (-qx - d) ^ x = (-q)(x) + <-d * x). Of course 
^ x - d < «. Assume on the other hand that course (d) is taken, 
Then AC remains tho image of -d C which in this alternative must 
be positive) and QR becones -q + 1 since ^ is changed from 
to 1 and -q < 0. Here a - r + x = (-qx - d) * x = 
x(-q * 1) + (-d). Thus In either course, at the end of the 
operation XR contains the divisor, QR the quotient and AC the 
least non-negative remainder. 
Case IV : Let 

'o > x ^ l - s 33 
> a ^\x\ (1 - 2 s3 ) 



X = 1x22 ... Xq «_> x = -Ox^g.-.x^ 
^ A - la 46'" a «"» a = -°*46 ■*■ a 
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then 
V 



f < I it ^ 2 23 - 1 
0> a >| acl (1 -2 23 ) 
x' - 0x^ 2 ... t^i— »u. - 0x^ 2 ... x^ 

A 5 ^ a 4g * • • a Q *""* * " -, *46 " * ' a 



We will compare dlvisi- r V , an instance of case IV, with 
division W , an instance 9t rise III. In step 1 tho Banc 
action is taken in each division and the contents of AC in each 
are the sane at the end of '.Ms step. In substep 1 of step 3 in 
division V , a- ? = 1 * - x^j so XR ia added into AC and 

insorted in q^. In tho corresponding stop of division V , 
a 47 = 1 : Xp- so XR is eubtrnsted into AC and 1 inserted in 

qn< Since machine addition and machine subtraction of tho 

complement are the sane thing, tho contents of AC at the end 
of sub step 1 arc the same in earh division. The process con- 
tinues in this way, and at the end of stop 3 the contents of AC 

i 

in V and V are the sejne and the contents of $R are comple- 
mentary. 

Let r be the image Of the content! of AC in each division, 
let q. and -q be the image* of the contents of QR In V and 
V respectively. If In step 4 course (b) Is taken in ¥ It Is 
taken in T . Should this be the case, QR remains the same and 
in each division AC becomes the ima^o of r + izl which is 
positive and Iobs than m, But from case III 



- 26 - 



>/; 



a I |I| (-q) * (r - i x| ) r (- ' xi)(q) «■ (r + nO - xq ♦ (r * ixi ). 
If course (d) is taken in W it is taken in V also. Here AC 
remains the imago of r which must ir. this cn.se be positive 
and less than I xl. In V , $R becomes the image of -q + 1 
and, in 7 , QH becomes the imago of q - 1 . By case III 
a = | xi (-q-»- l) «- r = {- txl)(q - l) + r = x(q - l) •*• r. Hence 
in each case XR is the image of the divisor, Q? the image of the 
quotient, and AC the inagc of the least non-negative remainder 
at the end of the operation. 

T. Cases involving' zcro t If is divided by a positive number, 
the quotient turns out to bo and the reminder 0. If is 
divided by a 'negative number the renal nder is and the quotient 
is all l's, a result which is not completely nonsensical. If a 
positive number x 2-1 is divided by the quotient is 

all l's and the remainder is the dlvidtr.d. If a negative 

23 
number > 1 - 2 is divided by the quotient is and the 

romalnder is the dividend (negative. If is divided by 

the remainder is and tho quotient all l's. These results 

arc easily verified. 

We have proved that if 1 - 2 23 C x ^ 2 s3 - 1, but x ^ 0, 

S3 23 

and if IxJ (1 - 2 ) < a <, I xi 2 , but a ^ if x < 0, 

then the algorithm givos the correct result. 

If QR becomes filled with l's through a division involving 

zero, and QB is then added or subtracted into AC, the content 

of AC is not altered. 
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